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a b s t r a c t

The effect of cylinder inclination on thermal buoyancy induced flows and internal natural convective heat
transfer is explored using CFD simulations. The cylinder’s top and bottom surfaces were maintained at
different temperatures while the curved surface was adiabatic. The aspect ratio (length/diameter) of
the cylinder was unity and the Prandtl number of the fluid was fixed at 0.71. The Rayleigh number
of the confined fluid was varied from 103 to 3.1 � 104 by changing the specified end wall temperatures.
The critical Rayleigh number was estimated to be 3800 for the vertical cylinder. Relaxing the convergence
criterion caused false hysteresis in the converged results for the vertical cylinder. Typical natural convec-
tive fluid flow and temperature patterns obtained under laminar flow conditions are illustrated for var-
ious inclinations ranging from 0� to 180�. Flow visualization studies revealed complex three-dimensional
patterns. Different thermal–hydrodynamic regimes were identified and were classified in terms of Ray-
leigh number and angle of inclination. Empirical correlations for the Nusselt number and maximum
velocities in the domain as a function of the inclination angle and Rayleigh number are developed.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Natural convection induced by thermal buoyancy effects in a
gravitational force field is observed in many applications. These in-
clude electronic components design, crystal growth configurations,
air conditioning of buildings, design of storage of hot fluids in solar
power plants and food sterilization [1–4]. Inclination of containers
filled with fluid, inside which convective heat or mass transfer
occur, may have either desirable or undesirable effects depending
on the application. Effects of inclination on heat transfer have been
explored in practical applications involving solar energy heaters
and double glazed windows. However, there are certain applica-
tions where undesirable mixing in fluids is inadvertently caused
even by slight inclination of a vertical column [5]. These include
tracer studies and mass transfer in vertical columns where unsta-
ble density gradients may lead to higher axial mixing [6].

Ozoe et al. [7], Arnold et al. [8], Schinkel [9] and Soong et al. [10]
have for instance, studied the effect of inclination on square/rect-
angular bodies. Both laminar and turbulent convection was studied
by Kuyper et al. [11] in square cavities inclined between 0� and
180�. The Rayleigh number was varied between 104 and 1011.
However, only limited information exists for the effect of inclina-
tion angle on natural convective heat transfer inside cylindrical
ll rights reserved.
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enclosures. Bontoux et al. [12] studied the influence of inclining
the cylinder on the flow structures. In their work, the height to
diameter ratio (aspect ratio) of the cylinder was kept at 5 and
the cylinder’s lateral walls were taken to be perfectly conducting.
Heiss et al. [13] described a numerical code that was developed
to calculate both transient and steady state natural three-dimen-
sional convection occurring inside cylindrical enclosures.

Neumann [14] studied three-dimensional natural convection in
vertical cylinders including those of unity aspect ratio. He recom-
mended numerical simulations for determining fluid flows at
Rayleigh numbers much higher than the critical. Crespo del Arco
et al. [15] investigated steady and oscillatory convection in vertical
cylinders at different aspect ratios including that of unity. Schnei-
der and Straub [16] investigated laminar natural convection in
cylinders of varying inclinations and adiabatic curved wall in a
three-dimensional numerical study. Muller et al. [17] studied
natural convection in vertical Bridgman configurations taking into
account the influence of aspect ratio, Rayleigh number and Prandtl
number.

2. Scope of the current study

This study involves laminar natural convection in a fluid-filled
cylinder of unity aspect ratio with different specified end wall
temperatures and adiabatic curved wall. Unity aspect ratio of the
cylinder was considered as a starting point for our detailed inves-
tigations on the effects of inclination on convergence behaviour of
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Nomenclature

Cp specific heat of the liquid in the can (J kg�1 K�1)
D diameter of the cylinder (m)
Fo Fourier number
g gravitational acceleration constant (m s�2)
k thermal conductivity of the liquid in the can

(W m�1 K�1)
K dimensionless axial temperature gradient at the center

of the cylinder
KWALL dimensionless axial temperature gradient at the adia-

batic wall of the cylinder
L length of the cylinder (m)
Nu Nusselt number
Nuloc local Nusselt number
p pressure (Pa)
Pr Prandtl number
�q area averaged wall heat flux (W/m2)
qk conduction heat flux (W/m2)
q�z dimensionless convective axial heat flux
r radial distance (m)
R radius of the cylinder (m)
Ra Rayleigh number
Rac critical Rayleigh number
RaK transition Rayleigh number
Rarv reduced Rayleigh number for the vertical cylinder
Rari reduced Rayleigh number for the inclined cylinder
t time (s)
T temperature (K)
Tcold cold surface temperature (K)
Thot hot surface temperature (K)
Tref reference temperature (K)

T
*

scaled temperature
DT temperature difference between hot and cold walls (K)
V velocity (m s�1)
Vmax maximum velocity (m s�1)
Vd,max dimensionless maximum velocity
wd dimensionless axial velocity
z axial distance (m)

Greek symbols
a angle of inclination of cylinder from vertical (�)
aT thermal diffusivity (m2 s�1)
b thermal expansivity (K�1)
h azimuthal angle
l viscosity (Pa s)
q density (kg m�3)
qref density at reference temperature (kg m�3)
m kinematic viscosity (m2 s�1)
/ angle of inclination from vertical (rad)

Subscripts
c critical
d dimensionless
max maximum
min minimum
r reduced
ref reference

Superscript

* scaled
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numerical simulations, fluid flow patterns, flow regimes and
Nusselt numbers. Transition in stability and symmetry of the flow
patterns are also observed to occur in numerical simulations for a
vertical cylinder when the aspect ratio increases from fractional
values to P 1 [16,17]. Schneider and Straub [16] performed
numerical calculations using a coarse mesh in order to focus more
on parameter dependencies and to economize computing costs.
These authors did not identify different flow regimes in their study.
With advances in computer speed and memory, the complex flow
and temperature fields may be captured accurately using a finer
mesh.

Commercial CFD software is used to perform mesh independent
numerical simulations of the governing transport equations. The
critical Rayleigh number at which the onset of convection occurs
in a vertical cylinder is also estimated. Three-dimensional flow pat-
terns for vertical and inclined cylinder are presented. The relation-
ship between convective flow and its effect on heat transfer is
examined. Simple correlations are proposed for predicting the
effect of inclination on the Nusselt number and maximum velocity
in different regimes. Further, the dynamics associated with the
onset of natural convection are examined through transient simu-
lations at different Rayleigh numbers.
Table 1
Properties of air at 25 �C

Serial number Property Value

1 Density (q) 1.185 kg/m3

2 Viscosity (l) 1.831 � 10�5 Pa s
3 Thermal conductivity (k) 2.61 � 10�2 W/(m K)
4 Specific heat (Cp) 1.0044 � 103 J/(kg K)
5 Thermal expansivity (b) 0.003356 K�1

6 Thermal diffusivity (aT = k/(qCp)) 2.2 � 10�5 m2/s
7 Kinematic viscosity (m = l/q) 1.55 � 10�5 m2/s
8 Prandtl number (Pr = Cpl/k) 0.71
3. Problem specifications

Air with a Prandtl number of 0.71, confined in a cylinder with
unity aspect ratio and inclined between 0� and 180� with respect
to the vertical was considered in this work. The Rayleigh number
(Ra) investigated varied between 103 and 3.1 � 104. The properties
of air at a reference temperature of 25 �C chosen in this work are
given in Table 1. The cylinder length was fixed at 2.2 � 10�2 m
and the aspect ratio (L/D) was fixed at unity. The Rayleigh number
could be then varied according to the imposed temperature differ-
ence. The parameter values were in conformity to those taken by
Schneider and Straub [16]. The hot plate is located at the bottom
while the cold plate is at the top for an inclination angle of 0� while
the opposite is applicable for an inclination angle 180�. A sche-
matic sketch of the geometry studied is shown in Fig. 1.

The flow is considered laminar owing to the relatively low
Rayleigh numbers investigated [15–17]. The onset of convection
in cylinders of diameter comparable to the length or lower will
be delayed due to viscous damping offered by the vertical
wall which in turn will increase the critical Rayleigh number. In
Schneider and Straub’s [16] work, the range of parameters inves-
tigated using the laminar flow model were Rayleigh number
(Ra < 8 � 104), Prandtl number (>0.7), aspect ratio (L/D: 0.5–2),
and inclination angle (0–180�). They suggested that their correla-
tion may be extended for Prandtl numbers greater than 0.7 due to
a weak effect of Prandtl number on Nusselt number beyond
this value. Muller et al. [17] observed an extreme extension of
the laminar convective range for the unity aspect ratio case. Tran-
sition to turbulence in this case was observed at around
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Fig. 1. Configuration of the cylindrical system under study.
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4.64 � 105 when water (Prandtl number = 6.7) was the fluid stud-
ied. Gallium, for which the Prandtl number was very low at 0.02,
exhibited the onset of turbulence at 6.86 � 104. Both these values
are higher than the maximum Rayleigh number of 3.1 � 104 stud-
ied in this work for a Prandtl number fluid of 0.71. A detailed
experimental study by Heslot et al. [18] on cylinders with unity
aspect ratio and adiabatic curved wall revealed a transition to soft
turbulence at a Rayleigh number of 105 while hard turbulence
was attained at 107. These Rayleigh numbers are one to three or-
ders of magnitude higher than the values considered in this study.
In a recent study [19] on inclined cylinders with adiabatic side-
walls and aspect ratio of 9, the Rayleigh number based on length
was in the order of 107. Laminar flow model was applied with
estimated Nusselt numbers varying from 1 to 200. Studies in
the literature on inclined square cavities have used the laminar
flow model until a Ra value of 106 and the turbulent flow model
for Ra values in the order of 1010 [5]. The Nusselt numbers at
Ra value of 106 were between 7 and 10 over the entire range of
inclinations. In turbulent flow, the Nusselt numbers were in the
order of 100. Cianfrini et al. [20] studied the effects of tilting on
natural convection in square cavities containing air and consid-
ered laminar flow in the Rayleigh number range of 104-106. In this
range, the mean Nusselt numbers varied from 4 to 12. Jahnke
et al. [21] studied two-dimensional natural convection in a hori-
zontally oriented container of unity aspect ratio with temperature
distributions on the sidewalls. They extended the laminar studies
until a Rayleigh number of 2 � 105 and the Nusselt numbers were
in the range of 2–5. D’Orazio et al. [22] studied rectangular enclo-
sures with adiabatic sidewalls and applied laminar flow until a
maximum Rayleigh number of 2 � 106. The aspect ratio in their
case varied from 2 to 6. From the above, the choice of laminar
flow for the present set of simulations for Ra not exceeding
3.1 � 104 is justified.
4. Governing transport equations and boundary conditions

The software CFX v10 [23] was used to solve the governing con-
tinuity, momentum and energy equations for the defined geometry
and associated boundary conditions. The domain was defined in
the global co-ordinate frame in which the solver carries out the cal-
culations. The generalized transport equations solved are given
below.
4.1. The continuity equation
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4.3. The energy equation
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Viscous dissipation effects are neglected due to low viscosity of the
system. Applying the Boussinesq approximation, the density in the
body force term is given by

q ¼ qref ½1� bðT � T refÞ� ð6Þ
4.4. Boundary conditions

The top and bottom surface temperatures of the cylinder were
kept at isothermal conditions of Thot and Tcold, respectively, i.e.

Tðr; h;0Þ ¼ Thot Tðr; h; LÞ ¼ Tcold ð7Þ

The curved wall is considered to be adiabatic

oT
or

����
r¼R

¼ 0 ð8Þ

No slip boundary conditions applied at the top, side and bottom sta-
tionary walls where the velocities are 0. The reference temperature
(Tref) was taken as the arithmetic mean of the hot and cold wall
temperatures.

5. Mesh and solver details

The problem domain is resolved into volume meshes, whose
dimensions play an important role in determining the accuracy
of the converged numerical simulations. In order to resolve
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accurately the rapid velocity and temperature variations near the
wall, the meshes here were made much finer relative to those in
the core region. The unstructured mesh option was used which in-
volves prismatic elements near the wall and tetrahedral elements
in the core. Using tetrahedral elements throughout would have en-
tailed prohibitively fine meshes for the required accuracy. Flat pris-
matic wedge shaped elements were placed close to the walls as
shown in Fig. 2. An inflation parameter of 10 layers with a geomet-
ric expansion factor of 1.3 was chosen. This arranged the prismatic
elements from the wall surface in a sequence of 10 layers of grad-
ually increasing thickness. These ensured an adequate number of
elements near the wall and avoided a sudden jump in mesh size.
The results are found to be mesh-independent under these condi-
tions. The total number of elements was 4.33 � 105 that included
3.06 � 105 tetrahedral nodes and 1.27 � 105 wedges. This fine
mesh resulted in each run taking around 40 min for completion
in a Pentium P-IV machine of 3.80 GHz speed.

The CFX software involves the finite volume method. It uses an
unstaggered collocated grid to overcome the decoupling of pres-
sure and/or velocity. The problems associated with checker board
type of oscillations of pressure and velocity that are associated
with collocated meshes were overcome by using a robust interpo-
lation scheme similar to that used by Rhie and Chow [24]. A cou-
pled solver is used in which the hydrodynamic equations for
velocity and pressure are solved as a single system. A multi-grid
technique based on successive solutions in fine and coarse grid
schemes is used to accelerate the incomplete lower upper factori-
sation technique for solving the set of linearized equations. CFX has
optional schemes such as first-order upwind difference and
numerical advection with specified blend factor. The blend factor
can be varied between 0 and 1 to opt between the first- and sec-
ond-order schemes to control numerical diffusion. The high resolu-
tion scheme option was chosen which maintains the blend factor
as close as possible to 1 without violating the boundedness princi-
ple. In the present simulations non-physical overshoots or under-
shoots in the solution were not encountered. The convergence
criterion was based on specifying the normalized r.m.s. residuals
to less than 10�6 which from a CFX point of view is very tight.
The residuals were normalized by dividing the control volume
imbalance with a term proportional to the representative range
of the variable in the domain. These normalized residuals are inde-
pendent of initial guess.
Fig. 2. Mesh inflation view.
For the range of variables investigated in this study as given in
Table 1 corresponding to a Rayleigh number range of 103–
3.1 � 104, the solutions were found to be steady. For a fluid of
Prandtl number 0.02 and cylinder with unity aspect ratio, Crespo
del Arco et al. [15] found solutions to be steady until a Rayleigh
number of 3.2 � 104. For a fluid with Prandtl number of 6.7, Muller
et al. [17] found that their transient simulations up to a Rayleigh
number of 50,000 reached steady state in about 0.6 s. A typical
transient simulation in the present study shows that the cylinder
inclined at 45� attains a steady solution at the maximum Rayleigh
number of 31,024 in 5 s. Schneider and Straub [16] reported steady
state results over the entire range of inclination angles (0–180�)
and Rayleigh numbers up to 80,000 with a fluid having Prandtl
number of 0.68.

6. Apparent hysteresis behaviour in Nusselt number for the
vertical cylinder

A peculiar behaviour was observed when the r.m.s. residuals
were specified at a setting of 10�4 which is usually considered suf-
ficient from an engineering viewpoint for most simulations [23].
Simulations for the vertical cylinder were first carried sequentially
in the direction of increasing Rayleigh numbers and then in the
direction of decreasing Rayleigh numbers. The converged results
of the previous simulation were used as initial guesses for the next
simulation. Surprisingly, the simulation results showed significant
differences over a certain range of Rayleigh numbers depending on
whether the simulations were carried out in the forward or back-
ward direction. This is illustrated in Fig. 3 where the surface area
averaged Nusselt number estimates are plotted as a function of
Rayleigh number. The local Nusselt number is defined as follows:
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o
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o
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��������
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This hysteresis behaviour was closely examined. For simulations
carried out in the backward direction, the critical Rayleigh number
was observed at 3800 which matches well with the values reported
in the literature. However, in the forward direction, the conduction
heat transfer trend characterized by a linear axisymmetric temper-
ature profile and unity Nusselt number persisted even until a
Rayleigh number of 6800. While proceeding in the forward direc-
tion, the CFD simulation convergence patterns showed a peculiar
trend at lower Rayleigh numbers. The r.m.s. residuals decreased
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Fig. 3. Importance of tight convergence specification on critical Rayleigh number
predictions.
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rapidly and apparent convergence to a conduction solution was
indicated early with a relaxed convergence criterion. Using a tighter
convergence criterion, the r.m.s. residuals showed a subsequent in-
crease after a certain number of iterations, followed by an eventual
monotonic decrease below the specified convergence criterion. The
simulations were allowed to continue for many more iterations to
ensure that there was no further subsequent increase in the resid-
uals. Convergence was ensured by monitoring the variation of tem-
perature and velocity at some pre-defined monitor points where the
temperature gradients and velocity gradients were significant.
Results showed that with strict convergence criterion, there were
no subsequent significant changes in variable values with further
iterations. The apparent hysteresis trend did not occur in the case
of inclined cylinders. Mesh independency studies were also con-
ducted to confirm the accuracy of the solution. An even finer mesh
with 7.83 lakhs elements was used and the results were in good
agreement with the previous simulation results of 4.33 lakhs ele-
ments mesh. This is shown in Fig. 4a for a typical case of a cylinder
inclined at 45� over the range of Ra studied and in Fig. 4b over the
range of inclination angles studied at a given Ra.

Wang and Hamed [25] observed hysteresis in Nusselt number
variation with inclination angle, in an inclined rectangular enclo-
sure of aspect ratio (height/width) of 0.25. However, in the present
case, involving a higher aspect ratio, no hysteresis was observed in
Nusselt number when the inclination angle was changed from 0� to
180� in either the forward or backward directions.
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Fig. 4. Mesh independency studies based on Nusselt numbers. (a) Cylinder inclined
at 45� at different Rayleigh numbers; and (b) cylinder at a fixed Ra = 21,500 and
different inclination angles.
7. Estimation of critical Rayleigh number (Rac) for the vertical
cylinder

Critical Rayleigh number for the vertical cylinder was estimated
with the technique used by Schneider and Straub [16]. The steady
state results corresponding to a 0.2� inclination were provided as
initial guesses for the vertical cylinder and transient simulations
were carried out for different Rayleigh numbers. The velocity in
the domain died quickly to very low values for sub critical Rayleigh
numbers while for the critical Ra of 3800, it remained constant
after an initial decrease. For supercritical Rayleigh numbers, the
velocities decreased and then increased. Since a 0.5 �C change in
temperature difference caused a Rayleigh number change of 500,
further refinement was not numerically justified. The estimated
critical Rayleigh number was next compared with values reported
in the literature.

Charlson and Sani [26] studied the onset of axisymmetric
convection in cylinders over a wide range of aspect ratios. They
completed their linear stability analysis in a subsequent study
[27] for non-axisymmetric flows. The equations governing the
dynamics of the system were recast in a variational formulation
and the Rayleigh Ritz technique was applied to approximate the
solution. For a unity aspect ratio, their analyses predict
Rac � 4500 for the non-axisymmetric mode. Other numerical
evidences in the literature for the vertical cylinder’s critical
Rayleigh number with adiabatic curved wall and unity aspect ra-
tio are summarized below.

(a) Crespo del Arco et al. [15] identified the critical Rayleigh
number as 3776 from numerical calculations based on the
finite difference method.

(b) Schneider and Straub [16] observe Rac of �4300 (with a
coarse mesh using finite difference method).

(c) Buell and Catton [28] identified a critical Rayleigh number of
3800 using the Galerkin method.

Transient simulations were also carried out to further verify
the critical Rayleigh number as well as record the dynamics
occurring before the attainment of steady state. The second-
order backward Euler scheme was adopted in the transient sim-
ulations. This scheme is robust, implicit and did not show any
non-physical overshoots or undershoots during the course of
the simulation runs. Three-dimensional transient simulations
were carried out for different Rayleigh numbers ranging from
3500 to 9308 until the solutions reached their respective steady
states. Typical results are shown in Fig. 5. The simulations were,
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Fig. 5. Transient Nusselt numbers as a function of Rayleigh number.
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however, numerically expensive as the time taken to reach stea-
dy state was high especially at lower Rayleigh numbers. The
time stepping increments were kept at 0.1 s. The transient sim-
ulation results show good agreement with the critical Rayleigh
number value calculated above. For instance, the convection
was absent for Ra = 3500, barely discernible at Ra = 3800, when
the Nusselt number value just exceeded unity. At Ra = 4000,
the convection though weak was clearly evident. Initially, the
Nusselt numbers were very high due to high thermal gradients
across small conduction layer thickness in the domain. As the
temperature gradient gradually gets established across the entire
domain, the Nusselt number values decreased to unity implying
motionless conduction mode of heat transfer. The conduction
solution for heat transfer appeared to persist for a significant
duration during which period the velocity values gradually
increased. Once the velocities have increased a sufficient magni-
tude, the Nusselt numbers began increasing towards their even-
tual steady state values depending on the Rayleigh number.
During this period, the linearly stratified temperature contours
began to slowly distort indicating the onset of convection. The
temperature contour plots during the various phases of: (a) ini-
tial development, (b) conduction, (c) incipient convection, and
(d) steady state convection at a representative Rayleigh number
of 5275 are given in Fig. 6.

The time taken by the fluid in the vertical cylinder to reach the
intermediate unity Nusselt number state appears to be nearly the
same for all Rayleigh numbers. The total time taken by the system
to reach the eventual steady state convection mode, however, var-
ies with Rayleigh number. At higher Rayleigh numbers, the final
steady state is attained quicker than at lower Rayleigh numbers.
Further, the time taken for the transition from the trivial interme-
diate quasi-steady-state to the final steady state varies with
Rayleigh number as well. The transition time is more at lower Ray-
leigh numbers whereas a relatively quick transformation is evident
at higher Rayleigh numbers.
Fig. 6. Temperature contours in the vertical mid plane at Ra = 52
8. Flow patterns for various angles of inclination

For the vertical cylinder of unity aspect ratio, the flow patterns
were in qualitative agreement with those reported in previous
studies [14,16,17]. Over a wide range of Rayleigh numbers
(4000–80,000) the non-axisymmetric flow pattern was found to
constitute the stable mode. The fluid ascends in one half of the
plane and descends in the other half. In the principal plane
(h = 0,p), the vector plot reveals a single inclined roll while in the
plane orthogonal to the principal plane (h = p/2,3p/2), four rolls
were seen. For the range of Rayleigh numbers studied in this work,
two additional rolls in the principal plane were also observed.
However, a detailed visualization and description on the three-
dimensional flow patterns are only limited in the literature as for
e.g. Crespo del Arco and Bontoux [29] and Bontoux et al. [30]. In
the study by Crespo del Arco and Bontoux [29], the complicated
three-dimensional flows for a vertical cylinder with conducting
sidewalls and an aspect ratio of 2 were presented. Bontoux et al.
[30] describe the flow patterns in a horizontal cylinder with con-
ducting sidewalls and a higher aspect ratio of 5. We summarize
the important features of the three-dimensional flow patterns
obtained in the present study for typical cases (0�, 45�, 90� and
150�) at the maximum investigated Rayleigh number of
31,027.47. The 3-D flow patterns obtained from CFX post-proces-
sor represent the paths taken by a particle of zero mass driven
by the vector field [23].

8.1. Vertical cylinder

The principal plane (0,p) was found to divide the flow domain
into two halves. At a location close to the bottom right corner of
the wall, corresponding to about 90% of the radius, and at about
6% of vertical height, secondary loops that are counter rotating rel-
ative to the primary central loops are formed (Fig. 7a). Fluid exits
almost perpendicularly outwards from the secondary loop and
75. (a) Fo = 0.11, (b) Fo = 5.4, (c) Fo = 10.5, and (d) Fo = 16.3.



Fig. 7. Flow patterns for the vertical cylinder at Ra = 31027.47. (a) Front view, (b) top view, and (c) side view.
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moves upwards (Fig. 7b). A similar occurrence takes place at the
top left corner and the fluid moves downwards. The streams that
had left the principal plane from the top left corner and bottom
right corner secondary vortex zones, converge at mid-height of
the curved wall and subsequently coil towards the centre and cre-
ate the inner loops on the principal plane (Fig. 7a and c). As shown
in Fig. 7a and b, the expanding central inner loops on the principal
plane, lead to streams leaving from the top and bottom edges. The
streams that leave at the bottom and top edges from the inner (pri-
mary) loop of the principal plane are deflected by the curved wall
and move upward or downward (depending on whether they orig-
inated from the bottom or top region of the principal plane). These
streams ascend/descend to some distance and then move towards
the principal plane in a spiralling manner. This contributes to the
outward and inward flows on the orthogonal plane. The flow
patterns did not show a qualitative change in the Rayleigh number
range investigated.

8.2. Cylinder inclined at 45�

The three-dimensional flow patterns are illustrated in Fig. 8.
The distinct features for this inclination angle relative to the verti-
cal case are: (a) higher velocities in the domain, (b) absence of sec-
ondary loops at the top left and bottom right corners, and (c) loops
that are stretched in the principal plane at the centre.

8.3. Horizontal cylinder (90� inclination)

The flow patterns in a horizontal cylinder are distinguished by
occurrence of two loops at the centre (Fig. 9a). For clarity only a



Fig. 8. Flow patterns in a cylinder inclined at 45� for Ra = 31027.47.

Fig. 9. Flow patterns in a horizontal cylinder at Ra = 31027.47. (a) Front view; (b) top view.
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limited number of fluid paths are illustrated. The fluid converges to
these two foci and circulates on the principal plane. They emerge
from the principal plane and spiral upwards towards the hot and
cold walls. At the walls the fluid is deflected even upwards and
reaches eventually the curved walls where they begin to return to-
wards the two foci. This is shown in Fig. 9b.

8.4. Cylinder inclined at 150�

For inclination angles less than 90�, on each side of the principal
plane, there was only a single region of spiralling inward return flow.
For the 90� case, even though two distinct loops were formed at the
principal plane, they were not very far apart. Hence, the inward flow
paths were quite close to each other. The two loops in the principal
plane move further apart with increasing inclination angles past 90�.
Due to this, two separate spiralling inward flow regions are evident
even in the fluid bulk. This is shown in Fig. 10.

9. Regime classification

The ranges of Rayleigh numbers (1034.25 6 Ra 6 31027.47) and
inclination angles (0� 6 a 6 180�) investigated in this work are



Fig. 10. Flow patterns in a 150� inclined cylinder at Ra = 31027.47.
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classified into different regimes depending upon the effect of the
natural convective flow on heat transfer. The trends exhibited by
the vertical cylinder were quite different from those of the inclined
cylinders. These differences may be observed in the Nusselt num-
ber (Fig. 11). It may be observed that the vertical cylinder trends
fall in between the curves of 90� and 120�. This relatively poor per-
formance in terms of heat transfer by the vertical cylinder when
compared to the inclined cylinders may be mainly attributed to
the requirement of a critical Rayleigh number of 3800. For inclina-
tion angles >0�, the numerical simulations indicated the convection
to be observed even at very low Rayleigh numbers. Hence, the
vertical and inclined cylinder cases were analysed separately.

The dimensionless axial temperature gradient (K) was utilized
to classify the different flow regimes with respect to Rayleigh num-
ber and inclination angle. This approach is commonly used in the
heat transfer literature [31,32]. It is defined as the ratio of the tem-
perature gradient in the core to the actual temperature gradient
imposed between the hot and cold walls (DT/L)
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The variation of K with inclination angle and Rayleigh number is
shown in Fig. 12. From this figure, different trends are evident
even for inclined cylinders. For angles below 90�, the K values de-
crease rapidly with Rayleigh number and even become negative.
However, for inclination angles >90�, the K values decrease slowly
with Rayleigh number, become nearly constant and may even
show a slight increase at high Rayleigh numbers. However, the
horizontal cylinder exhibits trends that are similar to cylinders
inclined beyond 90� at intermediate Rayleigh numbers
(<20,000). Until this Rayleigh number, the K values are positive.
However, for higher Rayleigh numbers (>25,000), the trend is
similar to cylinders with inclination angles less than 90�. The
Rayleigh number at which the K value becomes 0 is termed as
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the transition Rayleigh number RaK. Based on these observations,
the different flow regimes and their transition Rayleigh number
(RaK) are shown in Fig. 13.

9.1. Conduction regime (K � 1)

This regime is characterized by mainly a linear axial tempera-
ture gradient.
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9.1.1. Vertical cylinder
The conduction regime is the sub-critical regime (Ra < 3800).

9.1.2. Inclined cylinder (0� < a 6 180�)
For the inclined cylinder, convection is initiated almost immedi-

ately. But at very low Rayleigh numbers, the convection is less and
the K values are still close to unity. Hence, for the inclined cylinders
(a < 180�), conduction regime was fixed until a maximum Rayleigh
number of 1034.25. This corresponds to a temperature drop of 1 �C
between the hot and cold walls. Even for inclination angles of 135�
and 150�, the slight drop in K may be discerned in Fig. 12. For the
180� cylinder, the density gradient is stable and conduction is the
only mechanism of heat transfer in entire Rayleigh number range
investigated.

9.2. Intermediate regime (0 < K < 1)

In this regime, the hot fluid rises up and the cold fluid descends
contributing to the fluid circulation. The axial transport of thermal
energy due to convection currents will decrease the axial temper-
ature gradient and the accompanying circulatory flow will increase
the absolute value of the radial temperature gradient. In the inter-
mediate regime, the K values decrease at the core with increasing
Rayleigh number but are still positive.

9.2.1. Vertical cylinder
For this case, the RaK value was fixed at 7900. With further

increase in Ra, the K values became negative.
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9.2.2. Inclined cylinder (0� < a 6 90�)
For a 6 90�, RaK for the intermediate regime was dependent on

the inclination angle. As the inclination angle increased from 0�,
convection increased to a maximum leading to a rapid decrease
in K (Fig. 12). The axial temperature gradient at the core became
0 in a relatively narrow RaK range for angles 0� < a < 60�. The RaK

values for these angles were between 6500 and 7500. However,
when the inclination angle was greater than 60�, the convection
effects decreased and K decreased relatively more slowly with
increasing Rayleigh number. This is shown for inclination angles
80� and 90� in Fig. 12. Based on inclination angles 0� < a < 90�,
the criterion for identifying the transition Rayleigh number (RaK)
was defined as

RaK sinð/þ 1:14Þ ¼ 6:3 ð11Þ
Fig. 16. Flow patterns in a 120� inclined cylind
where / is the inclination angle in radians. At 90�, K became nega-
tive only at RaK = 26,000 and this was chosen as the transition
Rayleigh number in Fig. 13.

9.2.3. Inclined cylinder (90� < a < 180�)
Here, the flow regime over the entire range of Rayleigh number

investigated (1034.25–31027.47) falls under the intermediate
regime as the K values never become negative. A typical flow pat-
tern involving a single loop at low Rayleigh numbers is shown in
Fig. 16a. In this range of Ra, the K values decline with increasing
Ra. At higher Rayleigh numbers, two loops form and the K values
no longer decrease with Ra (Fig. 16b). Due to two loops formation;
there is insufficient mixing in the core leading to more tempera-
ture stratification. In Fig. 17, the temperature contour plots are
similar despite a Rayleigh number increase from 20,685 to
31027.47 for cylinder inclined at 120�. This may be compared with
the temperature contour plot for the vertical cylinder (Fig. 18a) and
45� inclined cylinder (Fig. 23a). In the latter two figures, only a sin-
gle loop is formed and more convection is evident at the highest Ra
investigated.

9.3. Inversion regime (K < 0)

The negative value of K represents an inversion regime where
the hot fluid begins to intrude into the upper regions of the cylin-
der. Similarly, the cold fluid also intrudes into the bottom region of
the cylinder. This occurrence is shown for instance in Fig. 18(a).
Hence, the axial temperature gradient in the core becomes nega-
tive. This is especially possible for unity aspect ratio cylinder where
the distances traversed by the fluid along the vertical and horizon-
tal directions are comparable.

9.4. Temperature gradient calculations at the adiabatic wall

For completeness, the dimensionless temperature gradient at
the wall (KWALL) was also calculated. Due to the asymmetric nat-
ure of the patterns, both the principal and orthogonal planes
were considered. The results are shown in Fig. 14. In the princi-
pal plane, KWALL increased only slightly with increasing inclina-
tion angle (between 0� and 90�) at the highest Ra value
(31027.47) considered. However, results reported by Buscalioni
and Crespo del Arco [31] at similar conditions but with cavity
of aspect ratio 10 showed that K values increased at a higher
rate especially at inclination angles greater than 50�. This indi-
cates tendency towards thermal stratification with increasing
inclination angles at higher aspect ratios. In the orthogonal plane
for the unity aspect ratio cylinder, KWALL values decreased with
increasing inclination angles until 60�. However, for 90� the
er. (a) Ra = 7239.74 and (b) Ra = 20684.98.



Fig. 17. Temperature contours in a 120� inclined cylinder. (a) Ra = 20684.98 and (b) Ra = 31027.47.

Fig. 18. Flow and temperature patterns in a vertical cylinder at Ra = 31027.47. (a) Temperature contour plot in the principal plane, (b) temperature contour plot in the
orthogonal plane, and (c) flow paths labelled in terms of temperature.
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KWALL values, though exhibiting a declining trend with Ra, were
higher than at 30� but lower than at 15�. This indicates that at
high Rayleigh numbers there is relatively more convection near
the walls of the orthogonal plane with increasing angles of incli-
nation, provided they were below 90�.

The product of KWALL and Ra is shown in Fig. 15. In the prin-
cipal plane, this product is nearly independent of inclination
angle over a wide range of values (0–90�) especially at higher
Rayleigh numbers. This arises from the fact that the KWALL itself
is not very sensitive to both Ra and inclination angles below 90�
at higher values of Rayleigh number (Fig. 14a). However, in the
orthogonal plane there is distinct variation of RaKWALL with incli-
nation angles (0–90�) and at higher Ra, the RaKWALL seems to
even decrease. Since KWALL decreases faster than the increase
in Ra, there is a small reduction in KWALLRa at higher Rayleigh
numbers. This is in variance with the trends observed at the core
for two-dimensional cavities at higher aspect ratios [31]. In two-
dimensional cavities of high aspect ratios (7–100), the product of
KWALL and Ra tended asymptotically towards a limiting value.
However, even in such cases, the lower the aspect ratio of the
cavity, the slower RaKWALL seemed to tend towards the limiting
value.
10. Nusselt number analysis

At steady state, the area averaged Nusselt numbers (Nu) are the
same irrespective of whether the area averaged heat flux ð�qÞ is esti-
mated at the cold or hot surfaces as there is no heat loss/gain
through the adiabatic curved surface. This was also verified from
the CFD simulation results.
10.1. Local Nusselt numbers (Nuloc)

The local Nusselt numbers (Nuloc) were calculated in terms of
the local heat fluxes using Eq. (9). Nuloc were estimated along the
bottom edges of the principal (0,p) and orthogonal (p/2,3p/2)
planes for different inclination angles and results are presented
in Fig. 19. The maximum in the local Nusselt number for the prin-
cipal plane is shifted to the right. The hot fluid ascends along one
side and penetrates into the region adjacent to the cold wall while
the cold fluid descending from the top penetrates into the region
adjacent to the hot wall (Fig. 18a). The thermal gradients are higher
in the right-hand side where the cold fluid penetrates into the hot-
ter region when compared to the left-hand side where the hot fluid
ascends. Similarly, an off-centred maximum in local Nusselt num-
bers would have been shifted to the left if the calculations had
been carried out along the top edge of the principal plane. Again,
this would be due to penetration of the hot fluid into the cold
region.

However, Nuloc trends are symmetrical along the orthogonal
plane with a maximum at the centre (Fig. 19b). The steeper ther-
mal gradients at the middle of the top and bottom edges of the
orthogonal plane (Fig. 18b) lead to the maximum of Nuloc in the
centre. The orthogonal plane shows a more uniform thermal core
with temperature variations being restricted to the top and bottom
edges. There is more mixing owing to hot fluid moving away from
the bottom of the principal plane, ascending to the cold region and
returning to the central region of the principal plane by traversing
across the orthogonal plane in a spiralling fashion (Fig. 7). Similar
behaviour is shown by the cold fluid. These are illustrated in fluid
flow paths which are now labelled in terms of temperatures
(Fig. 18c).
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As the inclination angles increase beyond 45�, the local Nusselt
numbers tend to reduce as well as even out. These may be attrib-
uted to the growth of the thermal stratification layer from the top
and bottom walls at the expense of the shrinking core region. In
Fig. 20, the plots are given for the horizontal cylinder. In this figure,
it may be seen that the vertical intrusions have declined in the
principal plane (Fig. 20a). The thermal stratification layers at the
top and bottom walls have thickened in the orthogonal plane
(Fig. 20b). These lead to lower local Nu values. Fig. 20c shows that
two loops have formed.
Fig. 20. Flow and temperature patterns in a horizontal cylinder at Ra = 31027.47. (a) Te
orthogonal plane, and (c) flow paths labelled in terms of temperature.
At inclination angles closer to 180�, conduction becomes the
dominant heat transfer mechanism. As shown in Fig. 21a, the hot
and cold fronts no longer penetrated to a considerable extent into
the cold and hot regions as was observed for inclination angles less
than or equal to 90� (Figs. 18 and 20) owing to declining of veloc-
ities by about an order of magnitude. Stratification is even more in
the orthogonal plane (Fig. 21b). For angles of inclination beyond
90�, the two vortex centres have moved apart and there are two in-
ward flows towards these vortex centres (Fig. 21c). This separation
of the vortex centres lead to stratification of temperatures in the
core of the orthogonal plane. This is in contrast to the flow patterns
observed for inclination angles <90� where there was only a single
vortex centre and the fluid streams from above and below took a
common path towards the centre of the principal plane (Fig. 18c).

10.2. Maximum dimensionless velocity

The average Nusselt numbers follow a similar trend as that of
maximum velocity in the domain (Fig. 24) with the occurrence of
an optimum at an intermediate inclination angle. Hence, the max-
imum velocities in the domain were also analysed. The maximum
dimensionless velocity in the domain was defined as follows:

Vd;max ¼ Vmax
D
aT

ð12Þ

The maximum value of velocity in the domain was determined by
identifying surfaces with the highest constant velocity. The velocity
value was reduced slowly from an arbitrarily high value until a suf-
ficiently significant extent of region with the specified velocity was
obtained. This method did not lead to any ambiguity in the identi-
fied maximum velocities. The iso-surface is sufficiently large and
well inside the boundary, implying that this velocity value would
significantly influence the main domain flow.

11. Correlations

The Nusselt number and maximum velocity correlations for the
various regimes identified in Section 9 are presented in Table 2.
The fit of the correlations to the CFD estimated Nusselt numbers
and maximum velocities were within ±15%. The trends are dis-
cussed below.

11.1. Vertical cylinder

A reduced Rayleigh number for the vertical cylinder (Rarv) is
defined by scaling with the critical Rayleigh number

Rarv ¼
Rayleigh number

3800
ð13Þ
mperature contour plot in the principal plane, (b) temperature contour plot in the
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Fig. 23. Inversion regime characteristics for a cylinder inclined at 45� at Ra

Fig. 21. Flow and temperature patterns in a cylinder inclined at a = 150� and Ra = 31027.47. (a) Principal plane, (b) orthogonal plane, and (c) flow paths labelled in terms of
temperature.

Table 2
Correlations for maximum velocity and Nusselt number for the different regimes

Serial number Regime Range of application Correlation

1 Vertical intermediate 3800 < Ra 6 7900 Nu = 1 + 0.71(Rarv � 1)0.77; Vd,max = 16.66(Rarv � 1)0.48

2 Vertical inversion 7900 < Ra 6 31,027 Nu = 1.38(Rarv)0.35; Vd,max = 11.4(Rarv)0.61

3 Inclined intermediate 0� < a < 90� 1034 < Ra 6 RaK Nu = 0.78(Rari)0.36(1.36sin/ + cos/)0.46; Vd,max = 2.27(Rari)0.92(0.98sin/ + cos/)1.40

4 Inclined inversion 0� < a < 90� RaK < Ra 6 31,027 Nu = 0.86(Rari)0.36(1.11sin/ + cos/)0.43; Vd,max = 5.43(Rari)0.60(0.7sin/ + cos/)0.85

5 Horizontal (a = 90�) 1034 < Ra 6 31,027 Nu = 0.915(Rari)0.35; Vd,max = 5.21(Rari)0.53

6 Inclined intermediate 90� < a 6 180� 1034 < Ra 6 31,027 Nu = 1 + 0.086(Rari)0.71(p � /)1.90; Vd,max = 3.37(Rari)0.49(p � /)1.24
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For sub critical Rayleigh numbers (Rarv < 1), the conduction heat
transfer regime applies and the Nusselt numbers will be unity.
The intermediate and inversion regimes apply in the Rayleigh num-
ber range 3800–7900 and Ra > 7900, respectively, as discussed in
Section 9.2.1. The Vd,max and Nu correlations for these regimes are
given in Table 2. The fit of these correlations to the CFD data are
shown in Fig. 22.

11.2. Inclined cylinder (0� < a < 90�)

In these cases the Rayleigh numbers were scaled by dividing
with the minimum value considered for transition from conduc-
tion dominated regime, i.e. 1034.25

Rari ¼ Ra=1034:25 ð14Þ

The temperature driving force increases with Rayleigh number
leading to higher maximum velocity values. Vd,max increases with
inclination angle and passes through a maximum value around
45� in the intermediate regime and around 35� in the inversion
regime. As shown in Figs. 7–10 and 23b the maximum velocities oc-
= 31027.47. (a) Temperature contour plot and (b) velocity vector plot.
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cur close to the vertical and horizontal walls. Higher the vertical
component of the velocity, more will the thermal energy penetrate
into the colder region. The horizontal velocity will contribute to the
thinning of the thermal stratification layers close to the top and bot-
tom walls in the orthogonal plane (compare Figs. 18b, 20b, 21b and
23b). This will enable an overall increase in the Nusselt numbers.
Therefore, the Nusselt number also increases with inclination angle
and passes through a maximum around 54� in the intermediate
regime and around 48� in the inversion regime. A more detailed
discussion is presented in Section 12. The correlation predictions
are compared with CFD results in Fig. 24. Both the radial and axial
components of the buoyancy forces influence the Nusselt numbers
and maximum velocities as may be observed from the coefficients
of the sin(/) and cos(/) terms in the correlations.

11.3. Horizontal cylinder (a = 90�)

Since the axial temperature gradient (K) profile had a trend
that was distinctly different from those for cylinders inclined
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Fig. 25. Scaled velocities at the middle of the principal plan
at angles <90�, it was decided to treat this case separately
(Table 2). As the inversion regime occurs only at Ra close to
the maximum value investigated as shown in Fig. 12 it was
decided to develop correlations covering the entire Rayleigh
number range.

11.4. Inclined cylinder (90� < a 6 180�)

In accordance with other inclination angles 0� < a 6 90�, Ray-
leigh numbers were again scaled by using Eq. (14). Convective flow
decreases with inclination angles >90� and finally the conduction
mode of heat transfer is reached at 180�. The velocity values tend
to 0 for an inclination angle of 180� irrespective of the Rayleigh
number owing to the establishment of the stable density gradient.
At this inclination angle, Nusselt number becomes unity (Fig. 24).
In this figure, both Nu and Vd,max are seen to be more sensitive to
Ra for inclination angles below 90�. The reasons for this were
discussed in Section 9.2.3.

11.5. Scaling relations for Nusselt number with Rayleigh number

As presented in Table 2, at higher Rayleigh numbers, the
Nusselt number is proportional to Ran where the exponent n
is about 0.35. Based on two-dimensional calculations with sim-
ilar boundary conditions, Roux et al. [33] reported n to be 0.3
for horizontally oriented square cavities in the range 104 <
Ra < 105. The exponent was estimated as 0.29 from two-dimen-
sional studies at high Rayleigh numbers on rectangular cavities
inclined at angles below 90� [31]. For the situations discussed
in the present study, there is more convection of heat in cylin-
drical enclosures when compared to two-dimensional rectangu-
lar enclosures.

12. Maximum Nusselt number at high Rayleigh numbers

As discussed in Section 11.2 and illustrated in Fig. 24, the max-
imum velocities in the domain and Nusselt numbers occur at dif-
ferent inclination angles. To analyse this difference, the velocities
and convective fluxes were compared along a representative hori-
zontal line constructed at the middle of the principal plane. The
axial velocity component (w) was also scaled in accordance with
Eq. (12). The axial convective flux was scaled with the overall con-
ductive flux (qk) across the cylinder as shown below to yield the
dimensionless axial convective flux q�z
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e for cylinder inclined at 30� and 45� (Ra = 31027.47).
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Table 3
Properties of helium used in the simulations

Serial number Property Value

1 Density (q) 0.179 kg/m3

2 Viscosity (l) 1.86 � 10�5 Pa s
3 Thermal conductivity (k) 1.42 � 10�1 W/(m K)
4 Specific heat (Cp) 5.240 � 103 J/(kg K)
5 Thermal expansivity (b) 0.00366 K�1

6 Thermal diffusivity (aT = k/(qCP)) 1.5086 � 10�4 m2/s
7 Kinematic viscosity (m = l/q) 1.03911 � 10�4 m2/s
8 Prandtl number (Pr = Cpl/k) 0.68
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Fig. 27. Comparison of Nusselt number from CFD simulations with experimental
data for helium at a Rayleigh number of 21,500.
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q�z ¼
wqCpðT � TrefÞ

qk
ð15Þ

where qk is defined as follows:

qk ¼
kðThot � TcoldÞ

L
ð16Þ

Tref refers to average of the hot and cold wall temperatures (in K).
The temperature was also scaled as follows to range between
�0.5 and 0.5.

T� ¼ ðT � TrefÞ
ðThot � TcoldÞ

In Fig. 25, the axial velocities were compared for inclination angles
30� and 45� for the left half segment of the representative horizon-
tal line on the principal plane. This corresponds to the descending
cold fluid. Similarly, the axial convective flux and scaled tempera-
tures were compared in Fig. 26. Typically, in the principal plane,
even though the maximum overall velocity was higher for 30� than
for 45�, it was not generally the case at other points as well. In some
locations, the axial velocities were found to be slightly higher at 45�
than at 30� (Fig. 25). It may be seen from Fig. 26 that the tempera-
ture driving force for convection will also be higher in the case of
the 45� inclined cylinder thereby augmenting the effect of axial
velocity component effect in increasing the axial convective trans-
port. The Nusselt number, which is strongly influenced by the axial
transport of the cold fluid from the top to the bottom region and
correspondingly the axial transport of the hot fluid from the bottom
to the top region, is hence higher for 45� cylinder inclination.

These findings were also compared with those of Crespo del
Arco and Buscalioni [31] for inclined two-dimensional rectangular
cavities of high aspect ratios and high Rayleigh number conditions.
In their work, the Nusselt number was shown to be a function of
the maximum axial velocity and the cross-stream temperature dif-
ference. The study revealed that while the maximum axial velocity
occurred around 30� inclination similar to this study, the maxi-
mum in Nusselt number was found to occur close to 79�. In
inclined rectangular cavities, the cross-stream temperature differ-
ence increased significantly for angles close to 90� [31]. Nearly a
2.9 times increase was observed at angles close to 90� relative to
those observed at angles close to 30�. Their power law relationship
showed a square root dependency of Nusselt number on maximum
axial velocity and a linear dependency on cross-stream tempera-
ture difference. Due to a higher effect of the cross-stream temper-
ature difference, the net result was to push the Nu values towards
79�. A qualitative comparison was made with the results from
this study. It was observed that for the maximum Ra value
(31027.47) investigated in this study, cross-stream temperature
differences increased only slowly with inclination angle and the
value at 90� inclination was only 1.2 times higher than at 30�.
Hence, the net effect may be expected to be weaker for the
cross-stream temperature difference in influencing the angle at
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which the maximum Nusselt number occurs in cylinders at low
aspect ratios when compared to those for inclined two-dimen-
sional rectangular cavities.

13. Validation of CFD simulations with available experimental
results on Nusselt number

Schneider and Straub [16] also studied experimentally the
effect of inclination on natural convection in inclined cylinder of
unity aspect ratio. Helium (Pr = 0.68) was used as the test system
and the cylinder length and height were fixed at 65 mm. The Ray-
leigh number was fixed at 21,500 using a temperature of 290.24 K
at the hot wall and 256.06 K at the cold wall. The curved walls
were made adiabatic. The details of the system studied are shown
in Table 3. In the simulations of this study, a reference temperature
of 273.15 K was used. The experimental Nusselt numbers obtained
by Schneider and Straub [16] compare favourably with current CFD
simulation values in Fig. 27. In addition, the relatively low values of
Nusselt numbers obtained and their match with the experimental
data validate the laminar flow model assumption.

14. Conclusions

The flow patterns induced by natural convection were three
dimensional and sensitive to the inclination angle. There was more
heat transfer for inclination angles in the range of 45–60�. For incli-
nation angles beyond 90�, the hydrodynamics of the flow changed
from a single vortex to a double vortex pattern. This occurrence as
well as the declining radial and axial velocities has a strong effect
on reducing the heat transfer rate. The local Nusselt number vari-
ation along the principal plane edge was asymmetric while it was
symmetric along the orthogonal plane edge. Increasing Rayleigh
number only had a relatively smaller heat transfer enhancement
at inclination angles >90� when compared to those below 90�. At
180�, all flow patterns die out, and imply that heat transfer occurs
by pure conduction only.
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